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Abstract
In this paper we reveal common features in the constructions of some compacta X with dimX <
indX. To any regular T1-space X a class T (X) of regular T1-spaces is related. Elements of T (X)
are called tailings of X. Two concrete types of tailings are described. For any compactum X
with dimX = indX > 0, these constructions allow to obtain compacta Y with dimY = dimX and
indY > dimX.
At the end of the paper, using tailings, we present compacta with different dimensions dim and ind
constructed by means of product formation starting from compacta with equal dim and ind. Ó 2000
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In this paper we reveal common features in the constructions of some compacta X
with dimX < indX. To any regular T1-space X a class T (X) of regular T1-spaces is
related. Elements of T (X) are called tailings of X. Two concrete types of tailings are
described. For any compactum X with dimX = indX > 0, these constructions allow to
obtain compacta Y with
indY = dimX+ 1> dimX= dimY.
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At the end of the paper, using tailings, we present compacta X(n), Y (n) and metrizable
compacta Z(n) with
dimX(n)= indX(n)= dimY (n)= indY (n)= dimZ(n)= n
and
dimX(n)×Z(n)= dim(Y (n))2 = 2n− 1< indX(n)×Z(n),
2n− 1< ind(Y (n))2,
where n= 2,3, . . .
Let us note that some special case of tailings and the term “tailing” have been introduced
in [10] (but in the English translation of this article this term has been given as “envelope”).
By a space we mean a regular T1-space, by a continuous mapping a continuous mapping
of spaces and by a compactum a compact T2-space. We let ωτ denote the first ordinal of
cardinality τ , and nbd is an abridged notation for neighborhood.
1. Preliminaries
Definition 1.1. A mapping f :X→ Y is open at a point x ∈ X if f (x) ∈ intf (Ox) for
any nbd Ox of x .
The following propositions may be easily proved.
Proposition 1.2. Let a mapping f :X→ Y be open at a point x ∈ X, F ⊂ Y and x ∈
f−1F . Then the mapping fF = f |f−1F is open at x .
Proposition 1.3. Let a mapping f :X→ Y be open at a point x ∈ X and idZ be the
identity mapping of a space Z. Then the mapping φ = f × idZ :X×Z→ Y × Z is open
at any point t ∈ {x} ×Z.
Proposition 1.4. Let a mapping f :X→ Y be open at points x, x ′ ∈X. Then the mapping
φ = f 2 :X2→ Y 2 is open at the point t = (x, x ′) ∈X2.
2. Tailings
Definition 2.1. For a space Φ , a space X is called a tailing of Φ if Φ ⊂ X and either
X= ∅ for Φ = ∅ or, for Φ 6= ∅,
(1) there exists a retraction r :X→Φ;
(2) there exist a regular cardinal number τ and a system of closed inX setsΦα , α ∈Ax ,
for any x ∈Φ , such that
|Ax |> τ >max
(ℵ0,w(Φ)+),
and for any α ∈ Ax , ind(r−1α x ∩ Rα)> 1 where rα = r|Φα and Rα = {y ∈Φα : rα
is open at y};
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(3) for any x ∈ Φ and any system ν of nbds of Φ in X of cardinality |ν| < τ ,
|{α ∈Ax : Φα ⊂⋂ν}|> τ .
Since τ is regular, the following condition (3′) is sufficient for (3):
(3′) for any x ∈ Φ and any nbd O of Φ in X, the set AxO = {α ∈ Ax : Φα 6⊂ O} has
cardinality |AxO|< τ .
Remark 2.2. It follows from (3′) that for any system ν of nbds of Φ in X of cardinality
|ν|< τ the spaces ⋂ν and, consequently, cl⋂ν are tailings of Φ .
Below we shall use the notations of Definition 2.1. Put A=⋃{Ax : x ∈Φ}.
Lemma 2.3. Let F be either
(a) a one-point subset of Φ for an arbitrary Φ or
(b) a closed subset of Φ for a normal Φ
and let U be a nbd of F in X. Then there exist nbds V of F in Φ and O of Φ in X such
that
F ⊂O ∩ r−1V ⊂U.
Proof. Let a nbd V of F in Φ be such that clV ⊂U ∩Φ . ThenO =U ∪ r−1(Φ \ clV ) is
a nbd of Φ and F ⊂O ∩ r−1V =U ∩ r−1V ⊂U . 2
From Lemma 2.3 and Proposition 1.2 follows
Corollary 2.4. Let F be closed in Φ and either |F | = 1 or Φ be normal. Then r−1F is a
tailing of F .
Lemma 2.5. Let U be open in X and O = U ∩Φ . Then there exists a system ν of nbds
of Φ in X such that |ν|6w(Φ) < τ and r−1O ∩⋂ ν ⊂U .
Proof. By Lemma 2.3, for any x ∈ O there exist nbds Ox of x in Φ and Ox of Φ in X
such thatOx ∩r−1Ox ⊂ U . We can take S ⊂O with |S|6w(Φ) and⋃{Ox: x ∈ S} =O .
Then r−1O ∩⋂{Ox : x ∈ S} ⊂⋃{r−1Ox ∩Ox : x ∈ S} ⊂U . 2
Lemma 2.6. Let U be open in X and O = U ∩Φ 6= ∅, clO 6=Φ . Then either Φ ∩ bdU
contains an open and non-empty subset of Φ or bdΦ clO ⊂ clO ∩ cl(Φ \ clU) and there
exists a system ν of nbds of Φ in X such that |ν|6w(Φ) < τ and
r−1 bdΦ clO ∩
⋃{
Rα : α ∈A, Φα ⊂⋂ ν}⊂ bdU ∩ bd(X \ clU).
Proof. Suppose that Φ ∩ bdU does not contain any non-empty open subset of Φ . Let
x ∈ bdΦ clO and Ox be a nbd of x in Φ . Then Ox \ clO is open in Φ and non-empty.
Hence (Ox \ clO) \ bdU 6= ∅ and so
Ox ∩ (Φ \ clU)=Ox \ clU =Ox \ (bdU ∪O)= (Ox \ clO) \ bdU 6= ∅.
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Thus x ∈ clO ∩ clO ′ for O ′ =Φ \ clU .
By Lemma 2.5, there exists a system ν of nbds of Φ in X such that |ν|6w(Φ) < τ and
r−1O ∩⋂ ν ⊂ U , r−1O ′ ∩⋂ ν ⊂ X \ clU . Let x ∈ bdΦ clO , Φα ⊂⋂ν for α ∈ Ax
and y ∈ Rα ∩ r−1x . Take a nbd W of y in Φα . Then rW contains a nbd of x in Φ
and so it intersects O and O ′. Hence W intersects r−1O ∩⋂ν and r−1O ′ ∩⋂ν. Thus
y ∈ bdU ∩ bd(X \ clU). 2
Remark 2.7.
We have not yet used that ind(r−1α x ∩Rα)> 1 for any α ∈Ax .
Remark 2.2, Corollary 2.4 and Lemma 2.6 imply the following
Corollary 2.8. If in Lemma 2.6, Φ is normal and Φ ∩ bdU does not contain an open
and non-empty subset of Φ then r−1 bdΦ clO ∩ (⋂ν) ∩ bdU ∩ bd(X \ clU) is a tailing
of bdΦ clO .
Theorem 2.9. Let indO > n for any non-empty open subset O of Φ . Then indX > n+ 1,
n= 0,1.
Proof. The case n= 0 is evident. Let n= 1.
Take x ∈ Φ and a nbd Ox of x such that bdΦ clO 6= ∅ for all nbds O of x in Φ with
clO ⊂Ox . Let an open in X set Ux be such that Ux ∩Φ =Ox . Take a nbd U of x in X
with clU ⊂Ux . Then clO ⊂Ox for O =U ∩Φ and so bdΦ clO 6= ∅.
If F =Φ ∩ bdU contains a non-empty open subset V of Φ then ind bdU > indV > 1.
Suppose that F does not contain any non-empty open subset of Φ . Take y ∈ bdΦ clO .
By Corollary 2.4, Remark 2.2 and Lemma 2.6, there exists a system ν of nbds of Φ in X
such that r−1y ∩ (⋂ν) ∩ bdU is a tailing of {y}. Hence, ind bdU > 1.
Thus indx X > 2. 2
Theorem 2.10. Let Φ be a compactum with dimΦ = n. Then indX > n + 1, n =
0,1,2, . . . .
Proof. The case n = 0 is evident. Suppose that our theorem holds for all n < m, m > 0,
and let n=m.
It is well known thatΦ contains an n-dimensional Cantor manifoldΦ ′ (see, for example,
[1,3, Problem 3.2.F]). Then indP > dimP > n − 1 for any partition P in Φ ′. Thus
indW > m for any open in Φ ′ and non-empty set W . Since, by Corollary 2.4, r−1Φ ′
is a tailing of Φ ′ and indX > ind r−1Φ ′, we can suppose, without loss of generality,
that Φ ′ = Φ . Let U be such as in Lemma 2.6. Then either Φ ∩ bdU contains an open
and non-empty subset W of Φ and ind bdU > indW > m or, by Corollary 2.8, bdU
contains a tailing X′ of bdΦ clO . Since Φ is a Cantor manifold, dim bdΦ clO > m− 1.
If dim bdΦ clO = m then ind bdU > dim bdΦ clO = m. If dim bdΦ clO = m − 1 then
ind bdU > indX′ >m by induction. Thus indX >m+ 1. 2
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Remark 2.11. This theorem generalizes Theorem 5 from [10] (there, in fact, tailings of
transfinite type (see Section 3) are considered).
Though we use condition (3′) in the following two propositions they are true under (3).
Proposition 2.12. Let Ψ be a compactum with w(Ψ ) 6 w(Φ). Then Y = X × Ψ is a
tailing of Φ ×Ψ .
Proof. Evidently, s = r× idΨ is a retraction of Y ontoΦ×Ψ . For y = (x, t) ∈Φ×Ψ put
Ay = Ax and, for α ∈ Ay = Ax , put Ψα = Φα × Ψ . Then, by Proposition 1.3, sα = s|Ψα
is open at all points of Rα × Ψ and ind(s−1α y ∩ Rsα ) = ind((r−1α x ∩ Rα) × {t}) > 1. At
last, let O be a nbd of Φ ×Ψ in Y . Since the projection pr :X×Ψ →X is perfect, there
exists a nbd U of Φ in X such that pr−1U ⊂O . Then Ψα 6⊂O implies Φα = prΨα 6⊂ U
for α ∈Ay =Ax where y = (x, t). Hence |{α ∈Ay : Ψα 6⊂O}|6 |AxU |< τ . 2
Proposition 2.13. If Φ is compact then X2 is a tailing of Φ2.
Proof. Evidently, s = r2 is a retraction of Y = X2 onto Φ2. For y = (x, x ′) ∈ Φ2
put Ay = Ax × Ax ′ and, for γ = (α,β) ∈ Ax × Ax ′ , put Ψγ = Φα × Φβ . Then, by
Proposition 1.4, sγ = s|Ψγ is open at the points of Rα × Rβ and ind(s−1γ y ∩ Rsγ ) >
ind((r−1α x ∩Rα)× (r−1β x ′ ∩Rβ))> 1.
Let O be a nbd of Φ2 in Y . Since Φ2 is compact, there exists a nbd U of Φ
in X such that U2 ⊂ O . Then Ψ(α,β) 6⊂ O implies either Φα 6⊂ U or Φβ 6⊂ U . Hence
|{γ ∈Ay : Ψγ 6⊂O}|6 |AxU ×Ax ′U |< τ . 2
3. Some special tailings
3.1. Two lemmas
Let C be a zero-dimensional compactum and c :C→ K a continuous mapping onto a
compactumK . Fix a space Φ and x0 ∈Φ . For (t, x), (t ′, x ′) ∈ C ×Φ , put (t, x) E (t ′, x ′)
if x = x ′ and either t = t ′ or x = x0, c(t)= c(t ′). Evidently, E is an equivalence relation
on C×Φ and the natural quotient mapping q of C×Φ onto Ψ (Φ,K,c, x0)= C×Φ/E is
perfect. HenceΨ = Ψ (Φ,K,c, x0) is regular and T1. It is evident that there is a continuous,
perfect and open mapping p = p(Φ,K,c, x0) :Ψ → Φ such that pr= p ◦ q where pr is
the projection of the product C ×Φ onto the factor Φ .
Lemma 3.1. If C is extremally disconnected and c is irreducible (thus C is the absolute
of K) then
indΨ 6max(indΦ, indK).
Proof. We shall identify the subset C × (Φ \ {x0}) of C × Φ and q(C × (Φ \ {x0}))
by means of q . Evidently, indy Ψ 6 ind Φ for any y ∈ C × (Φ \ {x0}). Let y ∈ K0 =
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q(C × {x0}) and O be a nbd of y in Ψ . Then q−1y = D × {x0} where D is compact.
There exist nbds U of D and V of x0 such that U ×V ⊂ q−1O and ind bdV 6 indΦ − 1.
Since c is closed, we can suppose U = q−1W where W is a nbd of cD and so we can
also suppose that ind bdW 6 indK − 1. The closure U ′ = clU is clopen because C is
extremally disconnected and so the set G= q(U ×{x0})∪ (U ′ × (V \ {x0})) is a nbd of y .
It is easy to see that bdG is the disjoint union of closed in Ψ sets q((c−1 bdW)× {x0})
and U ′ × bdV . The first set is homeomorphic to bdW and indU ′ × bdV 6 ind bdV 6
indΦ − 1. 2
Lemma 3.2. If the space Ψ is normal then
dimΨ 6max(dimΦ,dimK).
Proof. Let F be closed in Ψ and be a subset of Ψ \ K0 = C × (Φ \ {x0}). Then pF is
closed in Φ , F ⊂ C × pF and so dimF 6 dimC × pF 6 dimpF 6 dimΦ . The rest
follows from Dowker’s theorem [5] (see, for example, [1, Ch. 4, § 6, Theorem 15]). 2
3.2. Spaces T (Φ,K, c, τ ) (tailings of transfinite type)
Fix a space Φ 6= ∅, a compactum K 6= ∅, a continuous mapping c :C→ K of a zero-
dimensional compactumC and let τ be a regular cardinal number>max(ℵ0, |Φ|,w(Φ)+),
T (ωτ ) the space of all ordinals 6 ωτ and Cα a copy of C, α < ωτ (we suppose that
Cα ∩Cβ = ∅ if α 6= β). Put
T (ωτ ,C)= T (ωτ ) ∪
⋃
{Cα : α < ωτ }.
Define a topology on T (ωτ ,C) whose base consists of all open subsets of spaces Cα ,
α < ωτ , and of all subsets
Oβγ = {α: β < α 6 γ } ∪
⋃
{Cα : β < α < γ }, β < γ 6 ωτ .
(Thus T (ωτ ,C) is the result of “placing Cα between α and α+ 1” for α < ωτ .)
Evidently, T (ωτ ,C) is a compactum and the space T (ωτ ) may be identified with the
subspace T (ωτ ) of T (ωτ ,C).
Choose disjoint sets Ax ⊂ T (ωτ ) \ {ωτ } for all x ∈Φ so that |Ax | = τ .
Define an equivalence relation E on T (ωτ ,C) × Φ supposing (t, x) E (t ′, x ′) if x =
x ′ and either t = t ′ or there exists α ∈ Ax such that t, t ′ ∈ Cα and c(t) = c(t ′). Put
T (Φ,K, c, τ ) = T (ωτ ,C) × Φ/E. Let q be the natural quotient map of T (ωτ ,C) × Φ
onto T = T (Φ,K, c, t). Evidently, q is perfect and so T is regular and T1. Also it is
evident that there exists a continuous (even perfect) and open mapping r :T → Φ such
that pr= r ◦ q where pr is the projection of the product T (ωτ ,C)×Φ onto the factor Φ . It
is easily seen that q :T (ωτ )×Φ→ T is an embedding and the restrictions of pr and r ◦ q
to T (ωτ ) × Φ coincide. That is why we shall identify T (ωτ ) × Φ and q(T (ωτ ) × Φ),
the restrictions of pr and r to T (ωτ )×Φ (by means of q). Also it is easy to see that, for
α ∈ Ax , Φα = q(Cα ×Φ) may be identified with Ψ (Φ,K,c, x0) for x = x0 so that r|Φα
will be identified with p(Φ,K,c, x0) (see Section 3.1).
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Let us identify points x ∈ Φ and (ωτ , x) ∈ {ωτ } × Φ ⊂ T . Then Φ will be identified
with {ωτ } ×Φ and r will become a retraction of T onto Φ .
It is not difficult to see that T is a tailing of Φ if indK > 1.
Indeed, it is sufficient to verify only condition (3′) after Definition 2.1. But since
w(Φ) < τ , for any nbd O of Φ in T there exists β < ωτ such that qV ⊂ O where
V = ({α: β < α 6 ωτ } ∪⋃{Cα : β < α < ωτ }) ×Φ . Hence Φα ⊂ O for all α > β and
so |AxO|< τ for any x ∈Φ .
Remark 3.3. In fact, tailings of transfinite type in the case of compacta were for the first
time considered in [10, Section II].
Theorem 3.4. If C is extremally disconnected and c is irreducible then
indT = indΦ if indK = 0;
indT 6max(indΦ + 1, indK) if indK > 0.
(1)
If indK > 1 and, additionally, either indO = indΦ = n, n= 0,1, for any open in Φ set
O 6= ∅ or Φ is compact and dimΦ = indΦ then
indT > indΦ + 1. (2)
Proof. Lemma 3.1 implies the inequality ind
⋃{Φα: α < ωτ } 6 max(indΦ, indK). Let
y = (α, x) ∈ T (ωτ ) × Φ and U be its nbd. Then there exists a nbd O of x in Φ and
β,γ 6 ωτ such that β < α 6 γ and r−1 clO ∩ q(Oβγ ×Φ)⊂U .
Let indK > 0. Take a nbd V of x in Φ such that clV ⊂O . Let β < δ < γ . If δ ∈ Ax(δ)
then we put: Wδ = V if x(δ) /∈ bdV and Wδ = O if x(δ) ∈ bdV . If δ /∈⋃{Ay : y ∈ Φ}
then put Wδ = V .
The union W = {δ: β < δ 6 γ } × V ∪⋃{q(Cδ ×Wδ): β < δ < γ } is a nbd of (α, x), it
is contained in U and bdW may be embedded into T (ωτ ,C)×Φ . Since indT (ωτ ,C)= 0,
ind bdW 6 indT (ωτ ,C)×Φ = indΦ .
We have proved (1) when indK > 0.
Now let indK = 0. Since bd(r−1O ∩ q(Oβγ × Φ)) ⊂ bd r−1O ⊂ r−1 bdΦ O , we can
prove the inequality indy T 6 indΦ by induction. Thus we have (1) for indK = 0 too.
Inequality (2) follows from Theorems 2.9 and 2.10. 2
Corollary 3.5. If C is extremally disconnected, c is irreducible, indK = 1 and either
indO = indΦ = n, n = 0,1, for any open in Φ set O 6= ∅ or Φ is compact and
dimΦ = indΦ then
indT = indΦ + 1.
Let us recall [13] that a space X is completely paracompact if for any open cover λ
of X there exist open star-finite covers µi of X, i ∈ N, such that for any x ∈ X there
exist O ∈ λ, i ∈ N and V ∈ µi for which x ∈ V ⊂ O . It is known [13] that: any
strongly paracompact space is completely paracompact; if X has a perfect mapping onto a
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completely paracompact space then X is also completely paracompact, and dimX 6 indX
for any completely paracompact X.
Theorem 3.6. If C is extremally disconnected, c is irreducible and Φ is completely
paracompact then T is also completely paracompact and
dimT =max(dimΦ,dimK). (3)
If, additionally, dimK 6 dimΦ , indK > 1 and either indO = indΦ = n, n= 0,1, for
any open in Φ set O 6= ∅ or Φ is compact and dimΦ = indΦ then
dimT = dimΦ 6 indΦ < indΦ + 16 indT .
Proof. The space T is completely paracompact because r is perfect. Since T (ωτ ) is
compact and dimT (ωτ )= 0, dimT (ωτ )×Φ 6 dimΦ . By Lemma 3.2
dim
⋃
{q(Cα ×Φ): α < ωτ }6max(dimΦ,dimK).
Now (3) follows from the inequalities just obtained and Dowker’s theorem.
The rest follows from Theorem 3.4. 2
Let us recall that a metrizable space is called strongly metrizable if it has a σ -star-
finite base. Evidently, every strongly metrizable space is completely paracompact and
dimX = indX for any strongly metrizable space X.
Theorem 3.7. If Φ is strongly metrizable and compacta K and C are metrizable then T
is completely paracompact and (3) and (1) hold. If, additionally, indK > 1 and either
indO = indΦ = n, n= 0,1, for any open in Φ set O 6= ∅ or Φ is compact then (2) holds.
Proof. The complete paracompactness of T and (3) may be proved as in the proof of
Theorem 3.6.
Lemma 3.2 implies the inequality ind
⋃{Φα : α < ωτ }6max(indΦ, indK). The rest of
the proof coincides with the proper part of the proof of Theorem 3.4. 2
Corollary 3.8. If Φ , K and C are metrizable compacta and 1 6 dimK 6 dimΦ then T
is compact and
dimT = dimΦ = indΦ < dimΦ + 1= indT .
Let I be the segment [0,1] and d be a monotonous and irreducible mapping of the
standard Cantor set D onto I (thus |d−1t|6 2 for any t ∈ I ).
Corollary 3.9. LetΦ be a metrizable compactum with dimΦ > 0. Then T = T (Φ, I, d, c)
is compact and
dimT = dimΦ < indT = dimΦ + 1.
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Fig. 1.
Corollary 3.10. Let K and C be metrizable compacta and dimK > 1. Then T =
T (I,K, c, c) is compact and
dimT = dimK = indK = indT .
Let us show that some known examples of compacta with distinct dimensions
dim and ind are tailings of transfinite type.
Example 3.11 (Lunc [9]). A compactum Y with dimY = 1, indY = 2.
Let us enumerate all adjacent intervals to the Cantor set D ⊂ I by natural numbers and
let pr1, pr2 be the projections of the unit square I 2 onto the corresponding factors.
The set F ⊂ I 2 consists of (see Fig. 1):
(a) I ×D;
(b) intervals lik , i, k ∈ N, k 6 i , such that pr2(lik) is the ith adjacent interval to D
and pr1(lik) = k/(i + 1). (At the figure, adjacent intervals to D are enumerated
in the following way: (1/3,2/3) is the first interval, (1/9,2/9) is the second and
(7/9,8/9) is the third one.)
It is easy to see that cl
⋃{lik: i, k ∈ N, k 6 i} = F and thus pr= pr2|F is open at any
point (x, y) ∈ F where y is not the end of any adjacent interval to D.
Let us enumerate all points of I 2 by transfinite numbers α < ωc and (xα, yα) be the
point indexed by α.
Choose a point t ∈ D which is not the end of any adjacent interval to D and fix the
segment I × {t} ⊂ F . For any α < ωc make a translation of F in parallel to the second
factor so that the segment I × {t} gets into the segment I × {yα}. The set Fα is the
intersection of I 2 with the result of this translation.
Let P(ωc + 1) be a long segment of length ωc (see, for example, [2, Problem 3.12.18]).
The compactum Y is a subset of P(ωc + 1)× I composed of the sets:
(a) {α} × I , α 6 ωc,
(b) Fα ∩ [α,α + 1] × I , α < ωc.
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Fig. 2.
In order to show that Y is a tailing of I = {ωc} × I ⊂ Y , it is sufficient to verify only
condition (2) from Definition 2.1.
Put Φα = pr−1[α,α + 1] ∩ Y , α < ωc, where pr is the projection of the product
P(ωc + 1)× I onto the factor P(ωc + 1).
For any point x ∈ I one has, firstly, |Ay0 = {α ∈ ωc: yα = y0}| = c and, secondly, the
retraction (which is the restriction of the natural retraction of the product) is open at points
of the set pr−1[α,α + 1] ∩ r−1y0, α ∈Ay0 , which is homeomorphic to I .
Remark 3.12. One can substitute the set F ⊂ I 2 in Lunc’s example by a simpler set
T ⊂ I 2 which consists of (see Fig. 2):
(a) I × {1/2};
(b) the segments {m/2k} × [(2k−1 − 1)/2k, (2k−1 + 1)/2k], where {m/2k} is a binary
rational number of the interval (0,1) and m is odd.
Acting as in Lunc’s example, one obtains compactum Z with dim Z = 1 and ind Z = 2.
Remark 3.13. The compactum “one” Z in Remark 3.12 is the union of c one-dimensional
in the sense of ind closed subsets and the union of any proper subsystem of these subsets
is also one-dimensional (observe that c can be replaced with any cardinal number β such
that 26 β 6 c).
Let us present these sets. There are c disjoint dense subsets Qα ⊂ I , α < c, whose
union is I (see, for example, [5]). Since all points of I 2 are enumerated by transfinite
numbers, put Bα = {α: yα ∈ Qα}, where (xα, yα) is the point indexed by α. Then
Zα = Z \⋃{pr−1(α,α + 1): α /∈ Bα}, where pr is the projection of Z onto P(ωc + 1),
are the desired subsets.
Example 3.14 (Lokucievskiı˘ [8]). A compactum R with dimR = 1 and indR = 2.
The space P(ω1 + 1) is a long segment of length ω1 and d :D→ I is a monotone
and irreducible mapping of the Cantor set D ⊂ I onto the segment, sewing the ends of
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each adjacent interval into a point. Let us note that there exists a dense countable set
Q ⊂ I such that |d−1(t)| = 2 if t ∈Q and |d−1(t)| = 1 if t ∈ I \Q (see, for example,
[2, Exercise 3.2.B]).
Define an equivalence relation E on P(ω1 + 1)×D supposing (x, t) E (x ′, t ′) if x = x ′
and either t = t ′ or x = x ′ = ω1 and d(t)= d(t ′). Put Y = P(ω1 + 1)×D/E. Let q be the
natural quotient map of P(ω1 + 1)×D onto Y . It is evident that the set q({ω1} ×D)⊂ Y
is homeomorphic to I and there exists a retraction r :Y → I = q({ω1} × D) such that
r = q ◦ p, where p is a retraction of P(ω1 + 1) × D onto the fiber {ω1} × D. Put
Q= {x ∈ I : |q−1x| = 2}. It is evident that Q is a countable dense subset of q({ω1} ×D).
Let in two copies Y1 and Y2 of Y the segments I1 = q({ω1} × D) ⊂ Y1 and I2 =
q({ω1} ×D) ⊂ Y2 be sewed in such a way that no point of Q1 ⊂ I1 coincides with any
point of Q2 ⊂ I2. The resulting space R is the well known Lokucievskiı˘’s compactum.
In order to show that R is a tailing of I , it is sufficient to notice that for any point x ∈ I
one has: if x /∈Q1 then the retraction is open at the points of the set q1([α,α + 1] ×D) ∩
r−1x , and if x /∈Q2 then at the points of the set q2([α,α + 1] ×D) ∩ r−1x , α < ω1.
Remark 3.15.
(a) Unlike the compactum Z from Remark 3.13, the compactum R from Example 3.14
possesses the following property:
(•) if R =⋃∞i=1Zi , where Zi , i = 1,2, . . . , are one-dimensional in the sense of ind
closed subsets, then there exists a pair of natural numbers i , j such that the
union Zi ∪Zj is two-dimensional.
(b) Moreover, if one considers n > 3 copies Y1, Y2, . . . , Yn of Y sewed in the similar
way as in Example 3.14 (no point of Qi ⊂ Ii ⊂ Yi coincides with any point of
Qj ⊂ Ij ⊂ Yj if i 6= j ) then the resulting space R(n) cannot be the union of n− 1
one-dimensional in the sense of ind closed subsets.
We will present the proof of these facts.
(a) Consider the compactum Y1. Let pr1 :Y1→ P(ω1 + 1) be the natural mapping of Y1
onto P(ω1 + 1) and idα : I ×D→ [α,α + 1] ×D ⊂ Y1 be the “identity” mapping. Let
{Bk}∞k=1 be a countable base in I ×D consisting of rectangles such that the endpoints of
r(idαBk), k = 1,2, . . . , are from I \ (Q1 ∪Q2).
Observe that by the Baire category theorem for every α < ω1 there are natural numbers
k(α), n(α) such that the (open in pr−11 [α,α+ 1]) set Uα = idαBk(α) lies in Zn(α). It is clear
that there are natural numbers k, n such that the set M(k,n)= {α: Uα = idαBk ⊂Zn} has
cardinality ℵ1. Denote Y ′1 = clY1(
⋃{Uα : α ∈M(k,n)}). Note that Y ′1 ⊂ Zn and rY ′1 is a
closed interval [c′, d ′] ⊂ I with endpoints from I \ (Q1 ∪Q2).
Analogously, we can find a closed interval [c′′, d ′′] ⊂ [c′, d ′], a natural number m and
a compactum Y ′2 ⊂ Y2 ∩ r−1[c′, d ′] such that Y ′2 ⊂ Zm. Observe that the compactum
Z = (Y ′1∩r−1[c′′, d ′′])∪Y ′2 is a tailing of [c′′, d ′′]. So by Theorem 2.10 indZ = 2. If n=m
we have Z ⊂Zn, which is a contradiction to indZn = 1. So n 6=m and ind(Zn ∪Zm)= 2.
(b) Observe that the compactum Yp ∪ Yq is homeomorphic to Lokucievskiı˘’s com-
pactum R for 1 6 p < q 6 n. Let now R(n)=⋃n−1i=1 Xi , where Xi , i = 1, . . . , n− 1, are
one-dimensional in the sense of ind closed subsets. In the same way as we did above, step
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Fig. 3.
by step for every k = 1, . . . , n, one can find a compactum Y ′k ⊂ Yk such that Y ′k ⊂Xi(k) for
some natural number i(k)6 n− 1 and the compactum Y ′p ∪ Y ′q contains a tailing of some
closed interval lying in the sewed closed intervals Ip , Iq for 16 p < q 6 n. It is clear that
there are natural numbers p, q such that i(p)= i(q). So by Theorem 2.10 indXi(p) = 2.
This is a contradiction to indXi(p) = 1.
Example 3.16 (Pasynkov [11]). A chainable compactum R with indR = 2.
Consider the following compactum S′ which is a subset of P(ω1 + 1) × I . Points of
[α,α+1] ⊂ P(ω1+1), α < ω1, are denoted by xα , 06 α 6 1. The compactum S′ consists
of (see Fig. 3):
(a) the segments {α} × I , α < ω1;
(b) the segments [0α, ( 23 )α] × {0}, α < ω1;
(c) the segments [( 13 )α,1α] × {1}, α < ω1;
(d) the segments [( 13 )α, ( 23 )α] × {y}, y ∈D ⊂ I , α < ω1;
(e) the segments joining (( 13 )α, y1) with (( 23 )α, y2), α < ω1, where y1, y2 ∈ I are the
ends of an adjacent interval to D and y1 < y2.
The compactum S is obtained from S′ by sewing (as in Lokucievskiı˘’s example) each
adjacent interval to D ⊂ {ω1} × I and its ends into a point.
The desired compactum R is obtained by sewing two copies of S in the same way as in
Lokucievskiı˘’s example.
It is easy to verify that R is a tailing of I .
Example 3.17 (Lifanov [7]). A locally connected continuum X connected by linearly
ordered continua with dimX = 1, indX = 2.
Let Jn, n ∈N, be the system of all adjacent intervals to the Cantor set D.
Define an equivalence relation E on P(ω1 + 1)×D supposing (x, t) E (x ′, t ′) if either
x = x ′ and t = t ′, or x = x ′ = α, α 6 ω1 and t and t ′ are the ends of some adjacent interval
to D, or x = x ′ ∈ [α,α + 1], α < ω1, is a binary rational number of the form m/2k (where
m is odd) and t and t ′ are the ends of an interval Jn, n > 2k .
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Put X′ = P(ω1 + 1) × D/E. Let q be the natural quotient map of P(ω1 + 1) × D
onto X′. It is evident that the set q({ω1} × D) ⊂ X′ is homeomorphic to I and there
exists a retraction r :X′ → q({ω1} ×D)= I such that r = q ◦ p, where p is the retraction
of P(ω1 + 1)×D onto the fiber {ω1} ×D. It is easy to verify that r is open at any point
q(x, t) ∈X′ where t is not the end of any adjacent interval to D.
The desired compactum X is obtained by sewing two copies of X′ in the same way as
in Lokucievskiı˘’s example, and it is easy to verify that X is a tailing of I .
Remark 3.18. Filippov in [6, Examples 1.2, 1.3] generalized Lokucievskiı˘’s method for
constructing compacta with distinct dimensions dim and ind. Both examples are tailings.
In Example 1.2 the long segment is replaced with a linearly ordered continuum having
a point at which left and right characters are uncountable. In Example 1.3 the segments
[α,α + 1], α < ω1, of the long segment are replaced with one-dimensional compacta.
Remark 3.19. The compactum described by Filippov in [6, Example 1.5] is a tailing of a
more complicated type than the space T (Φ,K, c, τ ) but constructed in the same manner.
3.3. Spaces D(Φ,K,c, τ, θ) (tailings of discrete type)
Fix a space Φ 6= ∅, a compactum K 6= ∅, a continuous map c :C → K of a zero-
dimensional compactumC and let τ be a regular cardinal number>max(ℵ0, |Φ|,w(Φ)+),
Dτ a discrete space of cardinality τ and ℵ0 6 θ 6 τ .
Put D(C, τ)= {aτ } ∪ (Dτ ×C).
Let D(C, τ, θ) denote the set D(C, τ) with the topology, a base of which consists of
all open subsets of the topological productDτ ×C and all sets O(aτ ,D)= {aτ } ∪ ((Dτ \
D)× C) where D ⊂Dτ , |D| < θ . Evidently, D(C, τ,ℵ0) is compact and D(C, τ,ℵ1) is
Lindelöf. Put Cα = {α} ×C, α ∈Dτ .
Choose disjoint sets Dx ⊂Dτ for all x ∈Φ so that |Dx | = τ .
Define an equivalence relation E on D(C, τ, θ)×Φ supposing (t, x) E (t ′, x ′) if x = x ′
and either t = t ′ or there exists α ∈Dx such that t, t ′ ∈ Cα and c(pr t)= c(pr t ′) where pr
is the projection of the productDτ ×C onto the factor C.
Put D(Φ,K,c, τ, θ) = D(C, τ, θ) × Φ/E. Let q be the natural quotient mapping
of D(C, τ, θ)×Φ onto D =D(Φ,K,c, τ, θ). Evidently, q is perfect and so D is regular
and T1. Also it is evident that there exists a continuous and open mapping r of D
onto Φ such that pr = r ◦ q where pr is the projection of the product D(C, τ, θ) × Φ
onto the factor Φ . Additionally, r :D → Φ is perfect if θ = ℵ0. Since pr|{aτ }×Φ is
a homeomorphism, r :q({aτ } × Φ)→ Φ is also a homeomorphism. We shall identify
q({aτ } × Φ) and Φ by means of r . Thus r becomes a retraction of D onto Φ . Put
Φα = q(Cα × Φ). Evidently, for α ∈ Dx , one may identify Φα with Ψ (Φ,K,c, x0) for
x = x0 so that r|Φα would be identified with p(Φ,K,c, x0) (see Section 3.1).
It is not difficult to see that D is a tailing of Φ if indK > 1.
Indeed, it suffices to verify only condition (3) from Definition 2.1. But this may be done
in the same way as in the case of spaces T (Φ,K, c, τ ) in Section 3.2.
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Let us note that D(Φ,K,c, τ,ℵ0) is compact if Φ is compact and D(Φ,K,c, τ,ℵ1) is
Lindelöf if Φ is Lindelöf.
Theorem 3.20. If C is extremally disconnected and c is irreducible then
indD = indΦ if indK = 0;
indD 6max(indΦ + 1, indK) if indK > 0.
(4)
If indK > 1 and, additionally, either indO = indΦ = n, n= 0,1, for any open in Φ set
O 6= ∅ or Φ is compact and dimΦ = indΦ then
indD > indΦ + 1. (5)
Proof. It is analogous to that of Theorem 3.4 (and even a little easier). 2
Corollary 3.21. If C is extremally disconnected, c is irreducible, indK = 1 and either
indO = indΦ = n, n = 0,1, for any open in Φ set O 6= ∅ or Φ is compact and
dimΦ = indΦ then
indD > indΦ + 1.
Theorem 3.22. If C is extremally disconnected, c is irreducible, Φ is completely
paracompact and θ = ℵ0 then D is also completely paracompact and
dimD =max(dimΦ,dimK). (6)
If, additionally, dimK 6 dimΦ , indK > 1 and either indO = indΦ = n, n= 0,1, for any
open in Φ set O 6= ∅ or Φ is compact and dimΦ = indΦ then
dimD = dimΦ 6 indΦ < indΦ + 16 indD.
Proof. It is analogous to that of Theorem 3.6. 2
Theorem 3.23. IfΦ is strongly metrizable, compactaK and C are metrizable and θ =ℵ0
then D is also completely paracompact and (6) and (4) hold. If, additionally, indK > 1
and either indO = indΦ = n, n= 0,1, for any open in Φ set O 6= ∅ or Φ is compact then
(5) holds.
Proof. It is analogous to that of Theorem 3.7. 2
Corollary 3.24. If Φ , K and C are metrizable compacta and 16 dimK 6 dimΦ then D
is compact and
dimD = dimΦ = indΦ < indD = dimΦ + 1.
Corollary 3.25. Let Φ be a metrizable compactum with dimΦ > 0. ThenD =D(Φ, I, d,
c,ℵ0) is compact and
dimD = dimΦ < indD = dimΦ + 1.
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Corollary 3.26. Let K and C be metrizable compacta and dimK > 1. Then D =
D(I,K, c, c,ℵ0) is compact and
dimD = dimK = indK = indD.
Example 3.27 (Vopeˇnka [12]). Vopeˇnka suggested a method allowing one to obtain for
any n,m ∈ N, n6m, compacta Xnm with dimXnm = n, indXnm =m. The basic item of
his method is the construction of a compactum Xn with dimXn = 1, indXn > n, for any
n ∈N.
Let us show how one may obtain his result using tailings and the following lemma.
Lemma 3.28 (Vopeˇnka [12]). For any compactum X there exist a zero-dimensional
compactum Y and an almost open mapping f :Y → X (a mapping f is almost open if
in the preimage of any point x ∈X there is a point at which f is open).
There exists a compactum T1 (one may let T1 = D(I, I, d, c,ℵ0)) with dimT1 = 1,
indT1 = 2 (see Corollary 3.25).
Suppose that for any m< n there exists a compactum Tm with dimTm = 1, indTm >m.
Then, for m = n, let f :Y → Tn−1 be an almost open mapping of a compactum Y
onto Tn−1, τ >max(ℵ0,w(Tn−1)+) and Dτ be a discrete set of cardinality τ .
A base of the topology on the set
T (Tn−1, Y, f, τ )= Tn−1 ∪ (Tn−1 × Y ×Dτ )
consists of all open subsets of Tn−1 × Y ×Dτ and sets of the form U ∪ (Tn−1 × f−1U ×
(Dτ \D)), where U is open in Tn−1 and D is a finite subset of Dτ .
It is easy to verify that
Tn = T (Tn−1, Y, f, τ )
is a tailing of Tn−1 and from Lemma 1.4 of [12] it follows that dimTn = 1, indTn > n.
4. Products
The results of this section are due to Pasynkov.
Below In denotes the n-cube. We use notations from the beginnings of Sections 3.2
and 3.3.
Theorem 4.1. Let C and K be metrizable compacta and dimK = n, dimK2 = 2n − 1
(see [4]). Then T = T (In−1,K, c, c) and D =D(In−1,K, c, c,ℵ0) are compact and
dimT = indT = dimD = indD = n, (7)
dimT ×K = dimD ×K = 2n− 1, (8)
indT ×K > 2n, indD ×K > 2n, (9)
n= 2,3,4, . . . .
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Proof. Eq. (7) follows from Theorems 3.7 and 3.23.
The inequalities indT × K > 2n and indD × K > 2n follow from Proposition 2.12,
Corollary 2.10 and the well known equalities ind In−1 ×K = dim In−1 ×K = dimK +
(n− 1)= 2n− 1.
Thus we have (9).
Now we shall prove (8).
The set F = (In−1 × T (ωc))×K is closed in T ×K and (since dimT (ωc)= 0)
dimF = dim(In−1 ×K)× T (ωc)= dim In−1 ×K = 2n− 1.
Similarly, the set F = In−1 ×K is closed in D and dimF = 2n− 1.
Let α < ωc and α ∈ Ax (for x ∈ In−1). Then the metrizable compactum Φα is the
disjoint union of K and (In−1 \ {x}) × C, and the metrizable compactum Φα × K is
the disjoint union of K2 and (In−1 \ {x}) × C × K with dimK2 = 2n − 1 and (since
dimC = 0) dim(In−1 \ {x})× C × K = dim(In−1 \ {x})× K = 2n − 1. Consequently,
dimΦα ×K = 2n− 1.
If α < ωc and α /∈ A=⋃{Ax : x ∈ In−1} then Φα = In−1 × C and so dimΦα ×K =
2n − 1. Thus dimT × K \ F = 2n − 1 and, by Dowker’s theorem mentioned above,
dimT ×K = 2n− 1.
Analogously dimD = 2n− 1. 2
Theorem 4.2. Let C andK be metrizable compacta and dimK = n, dimK2 = 2n−1. Let
also S be the discrete union of the spaces K and T = T (In−1,K, c, c), E be the discrete
union of the spaces K and D =D(In−1,K, c, c,ℵ0). Then
dimS = indS = dimE = indE = n, (10)
dimS2 = dimE2 = 2n− 1, (11)
indS2 > 2n, indE2 > 2n, (12)
n= 2,3,4, . . . .
Proof. (10) follows from (7).
The square S2 is the union of the closed subset F = S × (K ∪ (T (ωc)× In−1))= (K ∪
T )×(K∪(T (ωc)×In−1))=K2∪(T ×K)∪(K×(T (ωc)×In−1))∪(T ×T (ωc)×In−1)
and the clopen subsets S ×Φα , α < ωc.
We have dimK2 = 2n− 1= dimT ×K (see (8)), dimK × T (ωc)× In−1 = 2n− 1 (it
was shown in the proof of Theorem 4.1) and dimT × T (ωc)× In−1 = dimT × In−1 =
2n− 1 (the last equality may be proved as (8) in Theorem 4.1). Hence dimF = 2n− 1.
Since S×Φα = (K ×Φα)∪ (T ×Φα), dimS×Φα =max(dimK ×Φα,dimT ×Φα).
It was shown in the proof of Theorem 4.1 that dimK ×Φα = 2n− 1. The product T ×Φα
is the union of the closed set G = In−1 × T (ωc) × Φα and the clopen sets Φβ × Φα ,
β < ωc. Since dimT (ωc)= 0, by Lemma 3.2, dimG= (n− 1)+ dimΦα = 2n− 1. Let
α ∈Ax and β ∈Ay , x, y ∈ In−1. Then Φβ ×Φα = (K ×Φα)∪ (Cβ × (In−1 \ {y})×Φα).
It was shown in the proof of Theorem 4.1 that dimK ×Φα = 2n− 1. Since dimCβ = 0,
dimCβ × (In−1 \ {y})×Φα = dim(In−1 \ {y})×Φα = dim In−1 ×Φα = 2n− 1.
V.A. Chatyrko et al. / Topology and its Applications 107 (2000) 39–55 55
Thus dim(T × Φα) \ G = 2n − 1 and, by Dowker’s theorem, dimT × Φα = 2n − 1.
Hence dimS ×Φα = 2n− 1, α < ωc, dimS2 \ F = 2n− 1 and, by the same Dowker’s
theorem, dimS2 = 2n− 1.
Analogously (but a little easier) the equality dimD2 = 2n− 1 may be proved. Thus we
have (11).
Since T ×K ⊂ S2 and D ×K ⊂ E2, by (9), we have (12). 2
Remark 4.3. For the first time the existence of compacta with dimensional properties as
in Theorems 4.1 and 4.2 for n= 2 was established in [10] (see Theorem 7).
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